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This paper treats of the motions of electricity produced in a spherical conductor by 
any electric or magnetic operations outside it. The investigation was undertaken 
some time ago in illustration of Maxwell's theory of Electricity. This theory is 
so remarkable, more especially in the part which it assigns to dielectric media in the 
propagation of electromagnetic effects, that it seemed worth while to attack some 
problem in which all the details of the electrical processes could be submitted to 
calculation, although it was evident beforehand, from the researches of Helmholtz''^ 
and others, that the results (so far as they are peculiar to the theory) would be of far 
too subtle a character to admit of comparison with experiment. In studying the 
mathematical character of the problem above stated I was led to a certain system 
of formulae which I have since utilised in two communications to the London 
Mathematical Society,! and which seem likely to be of use in a great variety of 
physical questions. 

§ 1 consists mainly of a recital of the fundamental equations and of the conditions 
to be satisfied at the surface of a conductor. It is assumed, in the first instance, that 
the magnetic susceptibility of the conductor is zero. 

In § 2 is introduced the assumption that all our functions vary as e^\ where t is the 
time, and X a constant. It is pointed out that this assumption is sufiiciently general. 
The fundamental equations are then put into a mathematically convenient form. 
Before, however, proceeding to apply these equations as they stand, I examine the 
efiect of assuming that the velocity {v) of propagation of electromagnetic effects in 
the medium surrounding the conductor is practically infinite. This assumption, 
which has been made by all writers (including Maxwell himself) who have applied 
Maxwell's theory to ordinary electromagnetic phenomena, greatly simplifies the 
calculations without sensibly impairing the practical value of the results. If L 

* Oeelle, t. 72 (1870). 

t " On the Oscillations of a Viscous Spheroid," Proc. L. M. S., Nov. 10, 1881 ; and " On the 
Vibrations of an Elastic Sphere," May 11, 1882. 

3x2 



520 PROFESSOR H. LAMB ON ELECTRICAL 

stand for a linear dimension of the conductor and p for its specific resistance, it will 
appear in the sequel that when as in all practical cases X is small compared with 
vjJj^ the error introduced by the assumption in question is of the order Xpjv^, For 
any ordinary metallic conductor, and for any value of X which can be appreciated 
experimentally, this fraction is excessively minute. 

In § 3 the solutions of our equations (on the assumption above indicated) are given 
in the form appropriate to our present problem. These solutions are of two distinct 
types. Those of the first type, which are much the more important from an experi- 
mental point of view, have (I find) been discussed, though by a different method, by 
Professor C. Niven in a paper recently published."""' As the points to which attention 
has been directed are for the most part sufficiently distinct in the two investigations, 
I have allowed the corresponding portions of my paper to stand. 

In § 4 I discuss the case of electric currents started anyhow in the sphere and left 
to themselves. The equation which gives the ^^ moduli'^ of the natural modes of 
decay of the first type agrees with the resu.lt obtained by Professor Niven. 

In § 5 is studied the case of induced currents. Since any disturbance in the field 
(however arbitrary) can be expressed, as regards the time, by a series of simple 
harmonic terms, it is sufficient to consider the case when the variations in the 
inducing system follow the simple harmonic law. This case has moreover acquired 
a special interest since the invention of the telephone. 

The two extreme cases, when the period of the variation in the field is very large 
or very small in comparison with the time of decay of free currents in the sphere, are 
discussed in some detail. 

In § 6 the case of a thin spherical shell is briefly examined. 

I next proceed to investigate what modifications must be introduced into the 
methods and the results of the preceding sections when the substance of the sphere 
is susceptible of magnetisation. This occupies §§ 7, 8, 9, 10. 

In the remaining sections of the paper I investigate the solution of our fundamental 
equations, taking account of the finite value of v. The corrections to our former 
results are of most interest in the solutions of the second type. Although the 
preceding theory, based on the assumption ^^=00, is sufficient for all purposes of 
comparison with experiment, there are certain processes of (at all events) theoretical 
interest of which it fails altogether to give an account, viz,, all those cases in which 
aiiy change in the superficial electrification of the sphere takes place. For the 
expression of these the solutions of the second type are appropria,te. There is no 
difficulty in working out the requisite formulae, but in the application to the case 
of free motion a difficulty of interpretation arises which is noticed in the proper 
place. 

1. Let us suppose that we have one or more conductors at rest in an insulating 

'* Pliil. Trans., 1882. The date of the paper is Jaiiiiarj, 1880. 
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medium. If F, G, H be the components of electromagnetic momentum, u^ v, w those 
of electric current, at the point (a?, y, z)^ we have on Maxwell's theory 



y ^G = — 4.TTV 
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u 



(^) 



and 
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dx dy dz 
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where y^ stands for (3?ldx^'\'d?'ldy'^-\'(Pldz^, These equations hold good in conductors 
and insulators alike, provided that (as we shall assume for the present) the magnetic 
permeability in neither case differs sensibly from unity. 
In the conductors we have, if p be the specific resistance. 
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The expressions on the right-hand side of (3) are the components of electromotive 
force, if> being a function which, in the case of steady motion of electricity, is known 
by the name of the " electric potential." ^''" 

In the dielectric we have, if f, g, h be the components of electric displacement, and 
l/# the specific inductive capacity, measured (like all our quantities) on the electro- 
magnetic system, 
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V is the velocity of propagation of electromagnetic effects in the dielectric medium. 
If this be air, v also denotes the number of electrostatic units in one electromagnetic 
unit of electricity. 

The conditions to be satisfied at the boundary of a conductor are that F, G, H and 



* In other cases j as will be seen, this name is less appropriate. 
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their first derivatives must be continuous. This follows at once from the expressions 
for F, G, H in terms of the electric currents in the field, viz., 



G= —^dxdydz 



—dxdydz 



9<^«Q «« 400 



(5), 



where r denotes the distance from the element dxdydzf to the point {x, y, z) at which 
the values of F, G, H are required. Hence if a, 6, o be the components of magnetic 
induction, viz., 
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these quantities will be continuous at the surface of a conductor. Conversely we may 
show that if F, G, H, a, &, c be continuous then the first derivatives of F, G, H will 
all be continuous. For this it is sufficient to prove that their derivatives in the 
direction of the normal will be continuous. If Z, m, n be the direction-cosines of the 
normal, we have 
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by (2), and it is easily seen from geometrical considerations that the continuity of G 
implies the continuity of (m.dG/dx—LdG/dy), and so on. Hence if F, G, H, a, 6, c 
be continuous, the first member of (7), and the corresponding expressions for the 
normal derivatives of G and H, are continuous. 

From this point the letters u, v, w will be used to denote solely the components of 

9 • • 

current in the conductors. The components of current in the dielectric are f, g, h. 
The general solenoidal conditions to be satisfied by u^ v, w andyj g, h, viz.. 
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and 
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require, by (3) and (4), 



in the conductors, and 



V^^=0 (10), 

V 7 , "~~~" \/» ♦ « . t • « & • « • ILXI« 



in the dielectric. The superficial solenoidal condition 

. . . 7 ^/ . dq, dh 
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requires, by (1), the continuity of 



i.e,, of 

da 

dy 



n 



da\ , /jdh da\ ^ / do jde\ 

~'^dziH^d^~'^d^)H'^di~^d^)'' 



but this is implied in the continuity of a, 6, c. 

If dv\ dv' be elements of a normal to the surface of a conductor, on the inside and 
outside respectively, we find from (3) and (4), taking account of the continuity of 

or, if (T denote the surface density of electricity, 

d^ d^ \ , ^ d(T / \ 

dv'^dj/'J^ Pm ''-''**' (12). 

Hence it is only when the currents are steady that the relation between ^ and the 
free electricity in the field is the same as in electrostatics*^'"' 

If T be the kinetic and V the potential energy of the field, we have 
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J J J 

Y=2-trv4^^{f^-\-g^+h<^)d§df)d^ . (14), 

* TKis peculiarity of Maxwell's theory has heen pointed out by C. Niven, loo. eit. 
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where, for the moment, the coordinates Xy y, z refer to the conductors, and f, t}, C to 
the dielectric. Let us form the equation of energy for the case where disturbances 
produced anyhaw in the field are left to themselves. 
We have 



4_1 
\ 2 
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Substituting the values of F, G, H from (3) and (4), we find 
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The last two integrals disappear in virtue of the solenoidal conditions satisfied bj 
the flow of electricity, t Hence 
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(16). 



This expresses that the electrical energy lost is equivalent to the heat generated in 
the conductors according to Joule's law. 

2. Now let lis suppose that F, G, H, &c., all vary as e^^ The electrical motions in 
the conductors and in the surrounding dielectric may be of two kinds, free and forced. 
In the various modes of free motion the corresponding values of X are real and 
negative. In the case of forced motion the disturbing force at any point of the 
field may, by Fourier's (double-integral) theorem, be expanded, as regards the time, 
in a series of periodic terms. The efiects of these can then be investigated separately 
and afterwards superposed. The value of X corresponding to any one term is X=27^^p, 
where ^ is the frequency, and i=^/—i, 

^ TMs may be deduced from (1) hf Grieh's Theorem. It is a particular case of Thomson and Tait, 

§313(/). 

•j- Maxwell's 'Electricity,' § 100a. 
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On the above assumption, (2) become 



pu= — -^—\'F, &c., &c. 



(17), 



whence eliminating u, v, iv by means of (1) we obtain as the equations to be satisfied 
in the interior of a conductor 
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Eliminating/, g, h we obtain 
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(22), 



(23). 



So far our equations are exact. But it appears from various physical analogies 
(more especially in Acoustics), and it will be verified in the course of this paper, that 
when the dimensions of the conductors are small compared with ^""^ the phenomena 
are sensibly the same as if / were =0. Now, in air, 'y=3X 10^^ [C.G.S.], whence 
j-'^=v/iK=3 X 10^7^*^- Since X is proportional to the rapidity of the electrical motions 

MDCCOLXXXITL 3 Y 
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it appears that in all practical cases j"^ is very large. We will therefore assume for 
the present y=0, which comes to the same thing as assuming that the velocity of 
propagation of electromagnetic effects in the dielectric medium is practically infinite. 
The equations to be satisfied in the neighbourhood of the conductors then are 

V^F=0, v^G=0, v^H=0. ....... (24) 

^+^+f=0 (25). 

ax ay dz ^ ^ 

Since Zv^F+^'^V^Gr+^^V^H must be continuous at the surfaces of the conductors it 
appears at once that on the present assumption we shall have, at those surfaces, 

lii-\-mv-\'mv=^0 (26). 

3. Proceeding now to the special problem of this paper, viz., the case of a solid 
spherical conductor surrounded by air, let us take the origin of coordinates at the 
centre of the sphere, and let r denote the distance of any point from the origin. It 
may be shown, as in the papers on the ^^Oscillations of a Viscous Spheroid,'^ &c., 
already referred to, that the solutions of the equations (18), (19), and (24), (25) are of 
two distinct types, which are quite independent of one another. 

First Type. We have 

In the conductor: 

G=xp„{kr)(zy^-x^)xu 



dx dz J 



J 



(27), 



where ^,^ is a solid harmonic of positive integral degree n^ and the function ^^ is 
defined by 

i/;,(C) = l-2^2^_^g+^^^^^^^_^--, &c. 

= (^).3.5 . . . 2^^+l.(^J^^^ (28), 

from either of which forms we readily deduce 

V'»'(0=-^'/'»+i(0 (29), 

'^«(0+^V'«'(O=^«-i(O. (30), 

MO ~^"-i(0= 2^ + 1.27Z + 3 ^^"+1(0 ('^^)' 
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The equations (27) constitute the complete solution (of the first type) of (18) and (19) 
subject to the condition of finiteness at the origin. In the absence of this restriction 
we should have to add to the right-hand sides similar terms in which n is replaced 
by — n— 1/"^ 

In the space surrounding the conductor we have 



F: 



Gr= 



TT 



^;^-^i:)(x^^+x^^^"~i) 



d 
Iv 



■^ 






* • . . io/ijf 



where X^^, X-.^^^^ are solid harmonics of the algebraical degrees indicated by the 
suflSxes. 

Since the values (27) of F, G, H make (v^+^^) F=0, &c., &c., it follows by (1) that 
the components of current inside the sphere are 
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The flow of electricity is everywhere perpendicular to the radius vector, and hence 
^=z= const., inside and outside the sphere. 

From (27) and (32) we derive : — 
Inside the sphere : 
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* These terms would be required in treating the case of a hollow spherical shell, 
f These formulsB make 
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Outside : 
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In deducing (34) we have made use of (29), (30), and of the known formula 
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We have now to apply the conditions to be satisfied at the surface of the sphere. 
If E be the radius, the continuity of F, G, H requires 



i//,,(^E.).x«=X,,+X_,,_i . . 



e • 
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(37), 



The continuity of a, b, c requires 



t//.-.i(m).X.-X. (38)/^^' 



with another condition which is, however, implied in (37) and (38). We must bear 
in mind that in these equations r is supposed put =K throughout ; so that x^„ X,,, 
X.^n^i are now surface harmonics, of order n. 

Second type. We have 
Inside the sphere : 
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•^ The rigorous proof of these, and of similar inferences in the sequel, may be conducted as in 
the paper '' On the Vibrations of an Elastic Sphere " already cited, 
t These may also be written 



4 of 



MOTIONS IN A SPHERICAL CONBUOTOR. 



529 



Outside : 
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Here ^^^ ^n, ^^n-i, o),iy fl,^, ^^n-n 9.r© solid harmonics of the algebraical degrees 
indicated. 

These formulse give 
Inside : 
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Outside : 
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(44). 



The sort of reciprocal relation between the formulae (27) and (34) on the one hand, 
and (40) and (43) on the other, is very remarkable. 

The continuity of F, G, H at the surface of the sphere implies two relations which 
we shall not require ; whilst that of a, h, c involves 

xjj,,{k'R).oj,=0 (45). 

This result follows also from (26), since 



xu+yv'}-ziv= — ~r"(a;v^F+^v^Gr+a;v^H) 



477 



=~.n{n+l)\jj^{kr).o)n . . . . . . (46). 



4. From, this point we must discuss separately the cases of free and forced motion, 
respectively. First let us take that of free motion. We assume that (no matter 
how) electric currents have been started in the sphere and then left to themselves. 

First Type. The equations (24) must now hold not merely in the space immediately 
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surrounding the sphere but right away to mfinity. Hence we must have, in (32), 

X^=0 ; and thence, by (37), 

^^^_i(^R)=0 (^^)* 

The roots of this equation in kR are all real. For the case n=l we have 

m/7r=l, 2, 3, &c. 

"When ^=2, 

m/7r= 1-4303, 2'4590, 3-4709, &c. ...... (48). 

When n=3, 

m/77=l-8346, 2-8950, 3-9225, &c (49). 

When the value of k for any particular mode is known, the corresponding value of 
X is given by (20). If r denote the modulus of decay, i.e., the time in which the 
currents fall to l/e of their original strength, we have 

4 — ~ "~" A — — .1 1. • • , , . . . « (Ov//. 

IT \7r / p \ / 

For any given mode r is proportional to the square of the radius, and inversely 

proportional to the specific resistance ; a result which may easily be obtained 

otherwise, by the method of ^^ dimensions." 

For a sphere of copper [p=1642, C.G.S.] the modulus of the slowest mode of 

decay is 

T=-000775R^ second, 

the unit of R being the centimetre. For a copper sphere, of the size of the earth 
[R=:6*37 X 10^] the corresponding value of r is very nearly 10,000,000 years. 

As regards the nature of the various modes we may observe that the lines of flow 
of electricity inside the sphere are the intersections of the spheres r= const, with the 
cones }(^/r'^=: const. ; in other words, they are the contour lines of the harmonics x^ on 
a series of spherical surfaces concentric with the origin. The intensity of the current 
at any point is proportional to \jj^{h'),dxrt/de, when de is an elementary angle at the 
centre of the sphere in a plane perpendicular to the line of flow passing through the 
point in question. The direction of the flow changes sign as we cross either the 
spheres for which i//;^(A;r) = 0, or the cones for which dxn/de=0. The components of 
the magnetic induction at points outside the sphere are, by (35) 

d 



c = 7zR2^^+ ii//4/(;R)---X;^r-"2^^-i 



J 
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The simplest and most important case is when n=l. This may easily be examined 
by making Xi=^- The lines of motion are then all circles having the axis of a; as a 
common axis. 

Second Type, It follows from (45) that we must now have 

t/;.(m) = (52). 

In the cases n=l, ^=2, the first few roots of this eq[uation are given by (48), (49)/ 
respectively. The values of the modulus of decay corresponding to the various values 
of h are to be found from (50). In the most persistent mode of the present type the 
value of T for a sphere of copper is 

T= -000379 R^ second. 

As regards the nature of the motion inside the sphere we remark in the first place 
that since the radial flow is zero at the surface the electric currents form closed 
circuits. The flow at any point may be resolved into two components, one along, 
the other at right angles to, the radius vector. The radial component is 

.— 7i.7i+l.i/;4^r)."^ . (53). 

The second or transversal component is perpendicular to that cone of the series 
(x)^jr^^=L const, which passes through the point in question; and its amount is 

~[lcr^',{hr)+{n+l)Uh^)f^^ . • (54), 

where de denotes as before an elementary angle at the centre of the sphere in a plane 
perpendicular to the above-mentioned cone. 

When the harmonic 0)^ is zonal, having the axis of x (say) as axis, the nature of the 
motion can be very simply expressed by means of a stream-function '^. The motion 
then takes place in a series of planes through the axis of x and is the same in each 
such plane. If % i) be the components of current parallel and perpendicular to cc, 
viz., S^-={yv-{-zw)lxjs, where t*r=y^ (2/^4-^^)5 we have 

ll = ~-y-,^= -T" (55), 

m dm m ax ^ 

where 27r^ is the total flux through the circle whose coordinates are {x, ct). Integra- 
ting (53) over the segment of the sphere of radius r=:y^(^^+OT^) bounded by this 
circle we find 
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F 



'i^zzzj~'jiji'\--l,r\lj,^(^kr)\ CO;, sin Odd 



4.7r 



Ji 



.3 



d 



4:1T 



dd 



(56). 



Here 6 denotes the colatitude (viz., ?4T==rsin 6)^ and co^^ is supposed expressed in 
terms of r, 6. The integration is effected by means of the differential equation of 
zonal harmonics. The most interesting case is when n=l. Writing cO]=r cos d^ we 
have 

The forms of the lines of flow (^= const.) corresponding to a series of equidistant 
values of "^ are shown in the figure. The different systems of lines of flow are 




separated by the spheres for which t/;j(^r) = 0. The drawing includes the first two of 
these. In the most persistent mode the inner sphere must be taken to represent the 
boundary of the conductor ; in the next mode the second sphere must be taken ; and 
so on. 

It appears from (44) that the currents in the sphere exercise no magnetic action in 
the external space. Conversely no motions of the present type can be originated by 
any electromagnetic operations outside the sphere. It will be shown further on that 
both these statements require qualification when we take account of the finite value 

of V. 

By combining in the proper way solutions of the two types we can represent the 
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decay of any system of currents arbitrarily given in the sphere. The determination 
of the harmonics x^, o)n in terms of the initial circumstances, although interesting 
mathematically, would occupy too much space to be given in full here. It may suffice 
to remark that if ii, v, id be any three functions satisfying the solenoidal condition (8), 
and if ^=dw/dy — dv/dz, &c., &c., then the values of u, v, w are completely determinate 
throughout any spherical region having its centre at the origin when we know the 
values of xu-\-yv-\-zw and of ^|^+2/^+^C throughout that region. This is most readily 
seen from hydrodynamical considerations. The problem then resolves itself into the 
identification of the given initial values of these expressions with those which result 
from our formulae, viz., 

xu-\'yv-]-zw==%t-T-M'.n-\'l.\pn(kr)o)^ ...... (56a), 

and 

x^+y7)+zl,= —tt^nM+i.\jJni^r)xn • (56b). 

The summations here embrace all integral values of n and all admissible values of k. 
In (56a) these are given by r//^(^ll) = 0, and in (56b) by ^^^i{JcR) = 0. The identifica- 
tion can be effected by known methods. 

5. Let us next proceed to consider the currents induced in the sphere by operations 
outside it ; and for simplicity let us suppose that the changes in the field are periodic 
and follow the simple harmonic law. The value of X is now prescribed, viz., it=27ri2^, 
where p is the frequency. Hence, by (20), 

k^z;=z—87rHp/p, 
and 

provided 

q^=irr^pjp. . . . . (58). 

Since all our formulao involve only even powers of q there is no loss of generality 
in taking q always positive. 

From (45) we see that 0)^^=0, so that we have to deal exclusively with solutions of 
the first type. The complete solution of the problem is then given by the equations 
(27) and (32) in which the values of y^,, '^-n-i in terms of X,, are to be obtained from 
the surface -conditions (37) and (38), viz., we have 

^'"^t^I^E)^'* ^^^^' 
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The values of the functions X^^ are to be found as follows. It is easily seen that if 
ag, 60? ^0 ^^ "t^^ components of the magnetic field due to the inducing system alone, the 
expression iraQ+2/&o+^^o i^^st satisfy the equation 

at all points outside the inducing system, and vanish at the origin. Hence it must 
admit of expansion in a series of solid harmonics of positive integral degrees^ say 

xaQ-\'y'bQ'\-z%=-t{'@n (61). 

But it appears from (35) that we must have 



^%+ y^o +zcq=^ —t^" n. n-^LX^i . 



. . . . (62). 



Comparing with (61) we find 



X^j= — 



n.n+1 



©,,. 



For instance, let the magnetic field due to the inducing system be sensibly uniform 
in the neighbourhood of the sphere, say 



We find 



Xi=:— -JIo;; X2=X3=&a=0. 



The formulae (33) for the currents in the sphere then become 



u=0 

w=- D\}ji{kr).y 



>' 



» * 



where 



D= 



FI 



STryfroim,) 



• • * 



• * 



(63), 



**«••<> 



(64); 



and the disturbance (a^ h^, c^) in the magnetic field, due to these currents, is given 



a-i=Jt!j — ^ — 






d 



w 



dy T^ 

d X 
dz t'^ 



• • • 



• (65), 
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provided 



E=~ 



iw if^{m) 



2 



Mm 



(66). 



For the full interpretation of our formulae it would be necessary to disentangle the 
real and the imaginary parts, and to discard one or the other. The results would be 
very complicated, even for the simplest harmonic constituent (n=l). There are 
certain cases, however, in which we can use methods of approximation, and so 
deduce the results of interest without much difficulty. 

Thus, in the first place, let us suppose that the changes in the field are comparatively 
slow ; more precisely, let the frequency p be very small compared with p/R^. Since 
^R is then a small quantity, the expressions for the currents in the sphere are 
approximately, 



u= 









2mp/ d 
p Y dz 

^iripf d 
p \ dx 

27rip/ d 
p \ dy 



d\^ ^ 
dy 



-n 



^l}j^n y (67). 



This is the result which we should have obtained by neglecting ah initio the mutual 
influence of the currents in the sphere. The disturbance in the field due to these 
currents is given by 



where 



ay ' 

d 



2n + l,2n-\-Z.p 



. . . . (bb) 



. « ^ 



. . . (69). 



For spheres of the same size the disturbance is cwteris paribus proportional to the 
specific conductivity. 

Next let us examine the other extreme case, where the frequency p is large com- 
pared with p/W^ and consequently JcR is a large number. When ^ is large, the 
formula (28) becomes, approximately, 



t|r4C) = (-)^3.5 . , .2n+l. 



sinl ^-\-n 



TT 



r 



n+l 



3 z 2 
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Writing ^=zkr=(l — i)qr, and keeping only the most important term, we find 



T/;,(fcr)==(-~)^3.5...2n+l/-^^j^ ...... (70). 



2i(kry 



Hence the factor 



h^ yfr.lkr) 



47r 'ylrn-.i{JcW) 



which occurs in the expressions for the induced currents, becomes, after several 
reductions, 

_(|!L+^./5r\e..-B)..-{,.-B).r} (71). 

It appears from this that the disturbance inside the sphere consists of a series of 
waves propagated inwards from the surface wdth rapidly decreasing amplitude. Thus 
at a depth equal to the wave-length (v, say), the amplitude is only 1/535 of what it is 
at the surface. The currents are therefore almost entirely confined to a superficial 
stratum of thickness comparable with v. It appears from (58) that v, =^27r/q, 
^^\/{p/p)' -^^ ^ numerical example let p=1642 (copper), p=4000; we find 

^='64 centimetre. 

The condition of the applicability of our approximation is that 27rll must be large in 
comparison with v/"" 

Since, by (70), i//^(^E)/i/f^_^(A;R) is of the order l/FR, it appears from (60) and (38) 
that the disturbance in the field caused by the currents in the sphere is given by 



d 

^ ax 

ay 
1 dz " 



y (72), 



The magnitude of the disturbance depends therefore on the size of the sphere, but 
is independent of the conductivity, so long as the fundamental condition of our 
approximation is satisfied. The reason of this is not far to seek. The greater the 
conductivity the greater will be the intensity of the currents at the surface of the 
sphere, but the more rapid will be the rate of diminution as we pass inwards; and it 
is easily seen from (71) that one cause will exactly compensate the other. 

* The above results enable us to estimate what ouglit to be tbe thickness of a sheet qf a given metal 
ill order that it should act as a screen against a periodic electromagnetic action of given frequency. See 
the paper by Lord RAYLEian, cited below. 
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In fact, if we write 



u = 



-B rR rR 

udr, v'= vdr, w'=- wdr, 



where the lower limit is taken at such a depth that the currents there are insensible, 
we readily find that the currents are approximately equivalent to an infinitely thin 
spherical current sheet of radius R, the components of the current at any point of the 

sheet being given by 

2n-i-l f d d\ 



u 



V 



V) 



47rE \^ dz ^ dy) ^'' 



2n + l / d 
47rR \ dx 



•X 



2n~\-l f d 
47rE '^ 



d_ 

dz 

d 



X 



n 



dy dx 



(73),'' 



6. The foregoing methods can be readily adapted to the case of a shell bounded by 
two concentric spherical surfaces. The most interesting case is when the shell is 
infinitely thin. The free motions of the second type then decay with infinite rapidity, 
and there are no forced motions of this type. Hence we have practically to deal only 
with solutions of the first type. The theory of these has been given by Professor 
NiVEN, but for the sake of completeness it is here discussed from the point of view of 
the present paper. 

Let u, v\ V)' be the components of the total current at any point of the shell, and 
let p'zzzpjh^ where S is the thickness of the shell. Then if all our functions vary as 
e^^ we shall have 

pV=— XF, pV=— XG, pV=— XH ... . . (74). 

In the hollow space inside the shell 



F: 



G: 



H: 



y 



z 



X 



d_ 

dz 
d 



dx 
dy 



d\ 



X 



d_ 

dz 



x^ r 



d \ 



• . 



(75),t 



whilst (32) hold for the external space. The functions F, G, H must vary continually 

as we cross the shell, so that 

;Y^=X;j+X_^_i (yO), 

at the surface. 

* The conclusions of this section have an obvious bearing on the results obtained by Professor D. E. 
Hughes in his experiments with the Induction Balance (Proc. Hoy. Soc, May 15, 1879). 

t It is here assumed that the inducing system, if any, is situate in the space external to the shell. 
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The first derivatives of F, G, H are, however, discontinuous, viz., if dp\ dv^ be 
elements of the normal drawn inwards and outwards respectively, we must have 



dQ- dGr 

dv' dv'' 

iJjX.X. xJjXX. 

dv^ dv" 



— iwu' 



Att'V r . 



Attw' 



o • « e « # 



• m, 



which equations now replace (1). Hence, and from (74) we deduce 






n 



(78), 



when r=R, the radius of the shell. 
In free motion X^=0, and thence 



X i-*" 



4'7rE 



{2n + l)p' 



In the case of currents induced by a system external to the shell, we find 



(79). 



X'^= 



and 



-X.. 



•^-1' 



1 4"^T 



IXtV "XT' 



« 9 9 • 



• ■ (80). 



« # 



3 • 



. . (81), 



when T has the value (79). The value of X,^ can be found as before when the nature 
of the inducing system is known. Writing X=27rip we see from (80) that if the 
period of the disturbance be small compared with r the shell will almost completely 
shelter the enclosed region from the electromagnetic action of the external system/"^ 

The case where the inducing system is inside the shell may be treated in a similar 
manner. We have to introduce a function X-^^-i ^^^ ^^^ internal space, whilst X^ is 
zero. 

7. When the magnetic permeability fi of the substance of the conductor differs 
sensibly from unity, the processes of the foregoing articles require some modification. 
The equations (1) must then be replaced by 






f 



(82), 



* See Lord Ratleigh, Phil. Mag., May, 1882, p. 344. 
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whilst (2) and (3) are unaltered. Hence the fundamental equations (IS), (19) of our 
method retain the same form, provided 



P= — 



(83). 



The distribution of the induced magnetization in the conductor will be solenoidal. 
Hence if A, B, C be the components of this distribution^ the corresponding parts of 
F, G, H will be 

d-N dM dL dN dM dL 



dy dz^ dz dx^ dx dy^ 



respectively, where 



rrrA 
L= -dxdydz, M: 

w W » » 



— dxdydz, N= 



C 



T 



dxdydz. 



The integrations are supposed to extend throughout the magnetized substance, and r 
denotes the distance between the element dxdydz and the point for which the values 
of L, M, N are required. Hence F, G, H are continuous at the surface, but their first 
derivatives, and consequently a, 6, c, will be discontinuous. Let us distinguish the 
values of a, 6, c just inside and just outside the conductor by the accents ' and ", 
respectively. Then the parts of a , &^, c' due to the induced magnetisation are 



and those of a\ b'\ c ' are 



dV 
'^dx' 



dN 



/JL 



dV 

dy' 



dx' 



dY 
dy' 



dY 



dY 



dz' 



where V is the potential of free magnetism, viz* : 



^S 



V= (ZA+mB+nC)3 



cZS denoting an element of the surface of the body, and Z, m, n the direction-cosines of 
the outwardly directed normal to (iS, and the integration being taken over the surface 
of the conductor. Hence 



a 



a' =47rZ(?A+mB+^0), &c.; 



or, since 47rju,A=(ju.— l)a', &c., 



Jfs 



&' + (/^ — 1 )^{lct' + m6'+ ^^<^0 = /^^" y • 



(84). 
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We notice that these conditions give 

la'{'m'b'+nc=la''\-mV-i-nc'' (85)^ 

as ought to be the case. In fact (85) is implied in the continuity of F, G, H. 

8. Proceeding now to the case of a spherical conductor, let the origin be taken at 
the centre, and let r be the radius vector of any point. Let us begin with the 
solutions of the First Type, the formulae for which are given by (27), (32), (34), (35). 
The continuity of F, G, H gives as before 

t/f^(A:Il).^i,^=X;2-f-X_^2_2 (86) 

at the surface (r=E). In applying (84) we remark that, at the surface, 

la -j-m6'+ nc= - — ^ — xj/^{k'R) .)(,„ 
and hence that 

by (36). Hence (84) give 



n 



t^,,^i(^R)+^;^(/^---l)^#R)|x^=/^X,, . (87), 

with another condition which may however be shown to be included in (86) and (87). 

The formulae for the solutions of the Second Type are given in (40), (42), (43), (44). 
The surface conditions (84) yield 

t|;^(l^R).ct)^,= .......... (88). 

9. In the case oi free currents of the first type we have X,:=0, and the equation to 
determine h is 

^n^^{h'R)+-^^^{,x.-l)^\,„{lcR)=Q (89). 

When, as in iron, /x is a very large number, we have, as a first approxiniation, 

»//„(m)=o, 

If ^R=-9- be a sokition of this, a second approximation is 

«={-^}^ ■ (-)■ 

When the values of hR have been found, the corresponding values of the modulus 
of decay are given by 
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T=- — '^— . (91). 

7r\w / p 

In iron we have />t=403 (Thali^n), p=9827 C. G. 8. The lowest root of (89), in the 
case n=l, is then ffi=l'42687r, and the corresponding value of r is 

T=-0256R^. 

The duration of the free currents is very much greater than in a non-magnetizable 
sphere of the same size and of equal conductivity. For an iron ball one foot in 
diameter the above value of r is six seconds. For an iron globe of the size of the 
earth it would be 330,000,000 years. 

The magnetic susceptibility of the substance has the effect of modifying the 
character, as well as the duration^ of the natm^al modes of decay. Inside the sphere 
we have 

Since, by (89), this is almost zero at the surface, the lines of magnetic induction 
inside the sphere are for the most part closed curves. Their forms, in the first two 
modes of the class n— 1, are given by the figure of § 4. The surface of the conductor 
is not, however, in these two respective modes, now represented by the two spherical 
surfaces there shown, but rather by two concentric spherical surfaces of radii smaller 
(for the case of iron) by about the four hundredth part. 
For the free currents of the second type we have, by (88), 

t|r^(^ll) = **..*...*.. (92). 

The natural modes of decay are exactly the same as when /x=l, but the persistency is 
in each case greater in the ratio of ju, : 1 ; viz., the values of t corresponding to the 
various roots of (92) are given by (91). 

10. In the case of induced currents caused by a periodic variation in the magnetic 
field the value of X^ is to be found in the same manner as in § 6 ; and Xm X^^^^ are 
then determined by (86) and (87). If jp be the frequency, 



k={l--i)q 



where now 



= 4#/xp//> .......... (93), 



Let us examine first the case where ^R is small. We then have, at the surface, 

_ 2^+1/. . . 
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approximately. THe ciirrents in the sphere are then given by 

h3 principal part of the disturbance in the field/ due to the presence of the sphere, is 
given by 

These terms express the effect of the induced magnetization of the isphere. The 
effect of the induced currents is (under the circumstances supposed) small in com- 
parison. 

Next let us take the case of ^R large. It is to be noticed that owing to the occur- 
rence of the factor jLt in (93) this condition is satisfied by very much smaller values of 
the frequency than the case of a non-magnetizable substance. We then have 

47r r4^^)X^^ = ^*277. + l.f «_i(M) + (/t - l)?li|r^(y^E) ^' 



The factor of X. is by (70) 

47r ^(yu. — 1) + &E \ r 



.0 5 



approximately. If we assume 

n(/x---l)+gIl=D cos €. ........ (98), 

\j\S)——xJ sm €. . -J » * * + • . \\j\j\j 
this may be written 

_2.ti.?!j^.m^«_,,,-BH4,(.-B).|-.} . . _ _ (100). 

From this result we draw conclusions similar to those of | 5. The depth v within 
which the maximum intensity of current falls to Ije of its surface values is 



v\ 



2 






In the case of iron we have, using the same data as before^ ^='078 centim. for a 
frequency of 4000, or vj='7Q for a frequency of 40. The value of v is thus, for the 
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same frequency, very much smaller than in copper. But the integral currents induced, 
under the same circumstances, are much more intense in an iron sphere than in a 
copper sphere of the same size. Integrating (100) with respect to. r through the 
thickness of the stratum in which the currents are sensible, we find for the components 
of flow at any point of the equivalent current sheet 



u 



V 



w 



-K y 



KU 



dz 

d_ 

dx 

d 



dy 



=KU~-~ 



dy 



dx 



where 



K=- 



2^+1 ^R 



n 



a;^JX„ 



y~]X 



n 



s r « j* 



(101), 



«-/ 



2x/27rR D 



./x.e^(l-0 . ... . . . . (102). 



The disturbance in the field, due to the presence of the sphere, is given by 



ajL=n — ~y^~^> &]_=&c., C]^^=;=&c. . 



» P 9 fi 



. (103), 



where 









e 



•Z€ 



-J 






^A-« /> 



(104). 



The order of magnitude of the first term within [ ] depends on the relative magni- 
tudes of qR and /x. So long as qR, though itself large, is moderately small in comparison 
with ni^ the efiect is mainly due to the induced magnetization of the sphere^ and is 
much the same as if the substance were destitute of electrical conductivity, although 
the distribution of the magnetization within the sphere is very different. On the 
other hand when qR^ is large compared with nfju the first term in [] is less important, 
and the results approximate more to the form which they would assume in the case of 
infinite conductivity. The following table gives the values of D and € for iron, in the 
case ^=1, corresponding to various values of qR, 



qR. 


10. 


50. 


100. 


1000. 


T) 

e 


412 
1°.23' 


455 
6°.li/ 


512 
11°. 16' 


1722 
35°.30' 



The relation between g and the frequency p is for iron 

q=l -27^/2). 

4 A 2 
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11. In the whole of the preceding investigations it has been assumed that the 
quantity y of § 2 may without sensible error be put =0. I proceed to sketch the^ 
method to be pursued when we do not make this assumption, confining myself for 
simplicity to the case of jLt=l everywhere. The fundamental equations to be satisfied 
are: — for the spherical conductor (18) and (19); for the surrounding dielectric (21) 
and (22). 

In the solution of the First Type the values of F, G, H and of a, h, c inside the 
sphere are then given by (27) and (34), respectively. Outside the sphere we shall now 
have 

F=UJr)[yf-^l)^+^-n-,Ur)(yf-z£jX_._, . . . (105), 

where X^, X_^_i are solid harmonics of the degrees indicated. The values of G and 
H may be written down from symmetry. We thence find 






{n+l)x{jn^i{jr) -rz-n 



dX^. fr^^+^ 



d 



dx 



2^ + 1.2^ + 3 



dx 



^n+i{jr) — X^r ^^■'i \ + terms in X.^„i . (106), 



with symmetrical formulae for h, c. The ^^ terms in X_^^_i '' are to be. derived from the 
preceding line by writing — n — 1 for n throughout. 

The continuity of F, G, H at the surface of the sphere requires 

t|/,(ffi)x.=i/f4iB.)X^+'/'-^-i(iR)X.^-i (107), 

when r=:E. The continuity of a, 6, c requires in addition 



tA..i(m)x.=t/'.-i(iR)X.+ ^^-^^ . . . (108). 



In the solutions of the Second Type the forms of F, G, H, a, 6, c inside the sphere 
are given as before by (40) and (43) ; whilst in the dielectric we shall now have 



(t>=^n + ^^n^l 



• 



and 



. . . . (109), 



^ id^^ i i^_._i , . ^ , ,..dn„ jv»+3 ,..d^ _„ , 



\ dx X dx 



dx 



4- terms in X1_;,_;l • (HO), 



with symmetrical formulae for G^ H. The symbols ^n, ^^n^i, O^, S:i^n^i stand for solid 
harmonics of the algebraical degrees indicated by the sufilxes. The foregoing expres- 
sions make 
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a: 



'j%{jr)(v—'-z—p^ , . . . (Ill), 



with symmetrical formulae for h and c. 

The continuity of (f) at the^ surface requires 



when r=R. The continuity of F, G, H requires 

and 

"^^ V + L2^^+3 '^"•^^^^'^^'^^'^ —-^2^^-^^^ . (114). 

iidding (113) and (114)', and taking^6Count of (112), we find 

={jnxi/4jn)+{n+i)xij,{jn)]a,+ (115),^^ 

where some reductions have been eJffected by means of (29) and (30). 
The continuity of a, 6, c requires 

m^rl^jm:)co^m^UM^^'^^^n^^^ . . . (ne). 

1 2. Let us now apply the foregoing results to the case of free motion. A certain 
relation must then hold between the surface values of X^ and X^^^^^, and also between 
those of O^ and Q^n^y viz. : a relation expressing that the disturbance at infinity in 
the dielectric is finite. It may be shown that F, G, H are determinate when the 
values of xF+yG-^zH. and of xa-^yh+zo are known at every point of space. Now 
in the first type we have a;F+2/G+^H=0, and 

xa+yh+zc='-nM+l.{^nUr)'^i+^--n^^^^ . . . (117). 

For large values of r we have 

Mr)=i-Y-3'5 ■ . . 2n+ 1. ^.^^^^^, - . . . . . (118). 

* Eqtiations (109) and (115) express tHat' tie tangential components of current just outside and just 
inside the sphere are in the ratio of f to /#. This maj also be easily deduced from the fundamental 
equations (18) and (21). 
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The last line of (28) is not a convenient expression wlien n is negative. But we 
readily deduce from (30) 

r^-V-«_i(0=-^-^^[r'^»-^>'A-»(0] • • • • . (119); 

and by successive applications of this formula of reduction we find 

since, by (28), t/r_i({)= cos ^. This result, like (28), has been given in somewhat 
different forms by various writers/"^ When r is large it gives 

xlj^n-^i{jr)=^^^^^ ...... (121). 

In free motion X is real and negative. We may therefore write j=.—'iX/v=iy w^here 
y is real, and may be taken positive. Substituting in (118) and (121), and expressing 
that the terms in e^** must disappear from (117), we are led to the following relation 
between the surface values of X^ and X_^_]^ 

» 

Similarly in the free motions of the second type we must have 

0,0 . . . ^ye/"~|~ JL.dZ-^j""" t - _ T ir«''«^_«^i».| ---- U » • » • . {jlj^O), 

±,tj ... ATI- — JL 

The equation to determine the various values of X is to be obtained, in the first 
type by elimination of Xm ^m ^-?«-i between (107), 108), and (122), and in the 
second type by elimination of co^, 11^, 0_^„i between (115), (116), and (123). 

In all practical cases /R is ©xceedingly small. If we neglect all powers of jR 

above the second we have 

X^=0, 0^=0. 

In the first type wp then obtain 

t|i,,^i(m) = 2^ „ l^nTi^""^^^^ ....... (124), 

approximately. For a first approximation ffi=5^, where 5^ is a root of i^^^^xC'^) = ^ ^ 

aiid for a second 

/ 1 /^\ 

\ 2n-— 1 h^ 



# 



See C. KiTiN, Phil. Trans,, 1880, p. 126. Also Heifi, ^ Kugelfunctionen,' t. i.^ § 60. 
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"^ow f/k^=\p/4:iTV^^ and X=— Fp/47r=— p^7'^'"■I^^ approximately. Hence (125) 
becomes 



ffi=^ 



■^"'"l6(2w--l)7rVE3|- ....... (126) 



In the second type we have 



or 

tii4m)=— ^mt/f'^m) . . . . / . . . (127), 

to the same degree of accuracy. For a first approximation hR=^$^ a root of i|r^(S) — 0^ 
and for a second 



By combining together in the proper way solutions of this type we should be able 
to represent analytically the decay of any given non-uniform electrification of the 
surface of the sphere. The formula (128) would indicate that in any particukr mode 
the lines of flow of electricity in the sphere are for the most part closed cujrves, all 
those which abut on the surface being confined to a stratum of thickness p^$-^/16nTTH^B„ 
For n=h and J/#=l-4303, this =l-42XlO-^^X/>^-V In the x^ase of any ordinary 
metallic conductor this would be much smaller than the dimensions of a molecule.''^ 
A result of this character cannot of course be interpreted literally, , All that we can 
safely assert is that the currents by which the redistribution of the superficial 
electrification is effected are confined to a very thin film, and are probably subject to 
laws not yet investigated. 

In the casd of e globe of water [^==718x10^^ a,t 22^ C] the result is more 
intelligible; viz., the thickness of the stratum in question is then=73R"~^. 

13. The case of periodic induced currents [X=27r^j? where p is prescribed] may be 
treated as follows* Let P, Q, R denote the components of electromotive force, viz. ; 

P= -^-XF, Q=&c., R=&c. 

It is easily geM that if the sufiix q be used to distinguish the parts of a, 6, a, P, Q, 
II due to the inducing system, the functions xaQ+yh^-i-zCQ and xT^Q-^yQQ'fzBjQ mn^ 
admit of e^ipansion (in the neighbourhood, of the origin) in the forms 

* f here is notliiiig peculiax' to Maxwell's theory in ihe (trder of magnitude of this resrfi. 
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xaQ+ybQ+zcQ=:txlj^{jr)®^ * . . (129), 

xP^+yQQ+zRQ=txlj4jr)Z,, (130), 

where ©^, Z^^ are solid harmonics of positive degree n. Now xa'\-yh'\-zc and 
xP-^-yQ-^zR must differ from the above by terms representing a disturbance 
propagated wholly outwards. But 

(ra+2/&+^c=■--^^.n+l.{^//4yr)X^+^//_^_l(yr)X^^_.l}, 
xV+yQ+zU='-\.nM+l:{xlJn{jr)n^+\l/^^_.j{jr)^ 



The condition that 



i|i,(yr)fX,+^^^— "©J+i^^ 



should represent a disturbance travelling outwards may be shown to be 

3.5 . . , 2n+l(x.+"-^Q.V ^ /^^v' i X-.^i^O . . . (131), 

\ n,n + l J 1.3 . . . 271 — 1 ^ ^ ^ 

where in the harmonics X^, &c., o^ is supposed put =:E. Similarly we have, on the 
same understanding, 

3.5...2.+l(n.4-^l|)+^^^^^O-.^.=0 . . . (132). 

The equations (107), (108), and (131) determine Xm X^, X_^_;^ in terms of ©^ ; whilst 
(115), (116), and (132) determine o>^, O^, D^^n-^i in terms of Z^^. Thus the complete 
solution of our problem is effected. 

Introducing the consideration that ^R is small, we find, in the solutions of the 
second type, 

1 Zi, 



C! 



r\ ___ZL -Z^ 

nM + l X 
ipproximately, and tiience 



k^U^r)co.= —^;^~^llZ. • (133), 

by (115) and (116). If <t» denote the n^^ harmonic constituent of the surface dis- 
tribution of electricity, we deduce 

1^ ^.2!^.2 (134) 
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For the first haxmonic constituent we have the simple formula 

* 

^1— ^ • • 1^35), 

iif^, g\ Jh denote the components of the electric displacement which would obtain at 
the origin if the spherical conductor were removed. 

The equation (134) expresses that so long as pp is small compared with v^ the 
surface-density of electricity at any point will have at each instant the statical 
value corresponding to the distribution of electromotive force at that instant due to 
the external system. The arrangement of the currents in the sphere by which the 
changes in the superficial distribution are effected will however depend materially on 
the relation between the period of the changes in the field and the time of decay of 
free currents in the sphere. The discussion of this point can be conducted as in the 
case of the solutions of the first type, treated in § 5, and the results are analogous to 
those there found. When the spherical harmonics involved are zonal, the work and 
the interpretation are much facilitated by the use of the current-function "¥, whose 
value is given by (56). 
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